It is proved that the energy-constrained Bures distance between arbitrary infinite-dimensional quantum channels is equal to the operator E -norm distance from any given Stinespring isometry of one channel to the set of all Stinespring isometries of another channel with the same environment.
Introduction
The Stinespring theorem gives a characterization of quantum channels and operations -completely positive trace-preserving and trace-nonincreasing linear maps between Banach spaces of trace-class operators [17] . It implies that any quantum channel (operation) Φ from a quantum system A to a quantum system B can be represented as
where V Φ is an isometry (contraction) from the input Hilbert space H A into the tensor product of the output Hilbert space H B and some Hilbert space H E called environment [5, 19] . The operator V Φ is often called Stinespring operator for Φ. In [7, 8] Kretschmann, Schlingemann and Werner obtained (by using some notions and arguments from [3] ) continuity bounds for the map V Φ → Φ and the multivalued map Φ → V Φ w.r.t. the diamond-norm metric on the set of quantum operations and the operator-norm metric on the set of Stinespring operators.
In the case of finite-dimensional quantum channels these continuity bounds are obtained in [7] by proving that for any common Stinespring representation
of any quantum channels Φ and Ψ the following relation holds
where U(H E ) is the unitary group in the space H E and β(Φ, Ψ) is the Bures distance between the channels Φ and Ψ defined as the maximal Bures distance between the states Φ ⊗ Id R (ρ) and Ψ ⊗ Id R (ρ), H R ∼ = H A , ρ ∈ S(H AR ). 1 2 Since any Stinespring isometry of Ψ with the same environment space H E has the form [I B ⊗ U]V Ψ for some U ∈ U(H E ) [5, Ch.6] , relation (3) means that the Bures distance between any quantum channels Φ and Ψ is equal to the operator norm distance from any given Stinespring isometry V Φ of Φ to the set of all Stinespring isometries of Ψ with the same environment. This result is analogous to the famous Uhlmann theorem [18] , which can be formulated in terms of the Bures distance between quantum states ρ and σ in S(H A ) as follows
where ϕ and ψ are given purifications in H AE of the states ρ and σ and · denotes the Hilbert space norm.
In the case of infinite-dimensional quantum channels and operations it is shown in
where the infimum is over all common Stinespring representations (2) . It is also shown that this infimum is attainable and that optimal Stinespring operatorsṼ Φ andṼ Ψ can be constructed as the operators from
for any ϕ ∈ H A , where C is a particular contraction in B(H E ). So, to obtain a relation similar to (3) it suffices to show that this optimal contraction C can be chosen in such a way that
But it is not clear how to do this because of different subtleties appearing in the infinite-dimensional case (noncompactness of the set of quantum states, nonexistence of a saddle point of a minimax problem, nonexistence of a polar decomposition with a unitary operator for some trace class operators, etc.) 1 Relation (3) is obtained in the proof of Theorem 1 in [7] , it can be also obtained by using the arguments from the proof of Theorem 1 in [3] . 2 The Bures distance and the diamond norm distance between any quantum operations Φ and Ψ are related by the inequalities
showing their equivalence on the set of all quantum operations [8, 15] .
Dealing with infinite-dimensional quantum channels and operation we have to replace the diamond norm distance between them by weaker measure of distinguishability which properly describes physical perturbations of such channels and operations [20] . One of such measures is the energy-constained Bures distance β E (Φ, Ψ) defined as the maximal Bures distance between the operators Φ ⊗ Id R (ρ) and Ψ ⊗ Id R (ρ), where ρ runs over the set of states in S(H AR ) with mean energy of ρ A not exceeding some bound E. The energy-constained Bures distance is related to the energy-constrained diamond norm (introduced in [12, 20] ) by the inequalities similar to (4) , which show their equivalence on the set of infinite-dimensional quantum channels and operations. 3 If the Hamiltonian H A of input system has unbounded discrete spectrum of finite multiplicity then the energy-constained Bures distance generates the strong convergence on the set quantum channels and operations [15] . 4 In fact, the role of H A can be played by any positive operator with this form of spectrum.
The Kretschmann-Schlingemann-Werner theorem mentioned before (in what follows it will be called the KSW-theorem) is adapted in [13, 14] for the strong convergence topology on the set of quantum operations and the strong operator topology on the set of Stinespring operators. By modifying the arguments from [8] it is shown that
where the infimum is over all common Stinespring representations (2) and · E is a special norm on the space B(H A , H BE ) of all linear bounded operators from H A to H BE generating the strong convergence topology on norm bounded subsets of B(H A , H BE ). The value of X E is defined as the maximal value of Xϕ , where ϕ runs over the set of all unit vectors in H A such that ϕ|H A |ϕ ≤ E (see details in Section 2). The above assertion can be called the KSW theorem for energy-constrained quantum channels and operations. The aim of this paper is to obtain the optimal form of this theorem by proving a generalized version of relation (3) in this more general settings, namely, to show that for a given common Stinespring representation (2) of any quantum operations Φ and Ψ the following relation holds
This result is similar to the infinite-dimensional version of Uhlmann's theorem, which can be formulated in terms of the Bures distance between positive operators ρ and σ in T + (H A ) as follows 3 Slightly different energy-constrained diamond norm introduced in [10] is also equivalent to the energy-constained Bures distance. 4 The strong convergence of a sequence {Φ n } of quantum operations to a quantum operation Φ 0 means that lim n→∞ Φ n (ρ) = Φ 0 (ρ) for all ρ ∈ S(H A ) [11] .
where ϕ and ψ are given purifications in H AE of the operators ρ and σ and W ψ is the set of all partial isometries in B(H E ) such that [I B ⊗ U * U]|ψ = |ψ . 5 The first step in this direction was made in [14, Theorem 2] , where it is shown that
provided that the operator H A (used in definitions of β E and · E ) has unbounded discrete spectrum of finite multiplicity. This observation is used essentially in the proof of the main result of this paper along with two-level approximation technique which allows to overcome the technical problems mentioned before.
Preliminaries
Let H be a separable Hilbert space, B(H) the algebra of all bounded operators on H with the operator norm · and T(H) the Banach space of all trace-class operators on H with the trace norm · 1 . Let S(H) be the set of quantum states (positive operators in T(H) with unit trace) [5, 19] . Denote by I H the unit operator on a Hilbert space H and by Id H the identity transformation of the Banach space T(H).
The fidelity of operators ρ and σ in T + (H) is defined as (see [4, Appendix B], [19] )
The Uhlmann theorem [18] states that
where the supremum is over all purifications of the operators ρ and σ. We will use the following observation. 
where B 1 (H B ) is the unit ball in B(H B ). If the state σ is nondegenerate then any operator U 0 at which this maximum is attained has the property
that means that the restriction of U 0 to the support of Tr A |ϕ ϕ| is an isometry.
Proof. The attainability of the maximum in (9) follows from the compactness of the unit ball B 1 (H B ) in the weak operator topology [2] .
It follows from (8) that the r.h.s. of (9) is not less than F (ρ, σ).
So, the last formula in (7) and expression (8) imply that
This proves " ≥ " in (9) and shows that F (ρ, σ) = F (̺, σ) provided that U = U 0 .
If condition (10) is not valid then ̺ = ρ. Since ̺ ≤ ρ, the assumed nondegeneracy of σ implies, by the last formula in (7) , that F (ρ, σ) > F (̺, σ) contradicting to the previous observation.
The Bures distance between operators ρ and σ in T + (H) is defined as
The following relations between the Bures distance and the trace-norm distance hold (see [5, 19] 
A quantum operation Φ from a system A to a system B is a completely positive trace non-increasing linear map from T(H A ) into T(H B ). For any quantum operation Φ the Stinespring theorem implies existence of a Hilbert space H E called environment and a contraction V Φ :
A trace preserving quantum operation is called quantum channel [5, 19] . The Bures distance
between quantum operations Φ and Ψ from A to B, where β(·, ·) in the r.h.s. is the Bures distance between operators in T + (H BR ) defined in (11) and R is a quantum system such that H R ∼ = H A , is a metric on the set of all quantum operations [3, 8] . This metric can be expressed (by the formula similar to (11)) via the operational fidelity
where F (·, ·) in the r.h.s. is the fidelity of operators in T + (H BR ) defined in (7) and R is a system such that
The Bures metric is equivalent to the diamond-norm metric (these metrics are related by inequalities (4)), but it is more convenient in some cases. It allows, in particular, to obtain tight and close-to-tight continuity bounds for basic capacities of quantum channels depending on their input dimension [15] .
Let H A be any positive (semidefinite) densely defined unbounded operator on H A having discrete spectrum of finite multiplicity and E 0 its minimal eigenvalue. We will treat H A as a Hamiltonian (energy observable) of quantum system A, so that TrH A ρ is the mean energy of a state ρ in S(H A ). 6 For given E > E 0 consider the norm on the space B(H A , H B ) of all bounded linear operators from H A to H B defined as
where H 1 A is the unit sphere in H A . This norm can be also defined as
The coincidence of (16) and (17) is established by showing that the supremum in (17) is always attained at a pure state [14, Proposition 3] . Definition (16) shows the sense of the norm · E (as a constrained version of the operator norm · ) while definition (17) is more convenient for studying its analytical properties. In particular, definition (17) allows to show that (see [13] ,[14, Remark 1])
• the function E → X 2 E is concave on (E 0 , +∞) for each X ∈ B(H A , H B );
• the norm · E generates the strong operator topology on norm bounded subsets of B(H A , H B ).
The function E → X 2 E is nondecreasing and tends to X 2 as E → +∞. So, its concavity implies that
and any X ∈ B(H A , H B ). These inequalities show the equivalence of all the norms · E , E > E 0 , on B(H A , H B ). Following [13, 14] we will call the norm · E defined by equivalent expressions (16) and (17) 
between quantum channels Φ and Ψ from A to B induced by the operator H A (where R is an infinite-dimensional quantum system) is introduced in [15] for quantitative continuity analysis of information characteristics of energy-constrained infinite-dimensional quantum channels. Properties of the energy-constrained Bures distance are presented in Proposition 1 in [15] . It is shown, in particular, that
• for given channels Φ and Ψ the function E → β 2 E (Φ, Ψ) is concave on (E 0 , +∞); • for any E > E 0 the distance β E generates the strong convergence on the set of all quantum channels from system A to any given system B.
The function E → β 2 E (Φ, Ψ) is nondecreasing and tends to β 2 (Φ, Ψ) as E → +∞. So, its concavity implies that
and any quantum channels Φ and Ψ. These inequalities show the equivalence of all the distances β E , E > E 0 , on the set of all quantum channels from A to B.
The calculations of β E (Φ, Ψ) for real quantum channels can be found in [9] . The energy-constrained Bures distance can be defined by formula (19) for arbitrary quantum operations Φ and Ψ. By using the arguments from [15] it is easy to show that the energy-constrained Bures distance possesses the above stated properties on the set of all quantum operations.
Remark 1. The supremum in (19) can be taken only over pure states ρ ∈ S(H AR ). This follows from the freedom of choice of R, which implies possibility to purify any mixed state in S(H AR ) by extending system R. We have only to note that the Bures distance between operators in T + (H XY ) defined in (11) does not increase under partial trace: β(ρ, σ) ≥ β(ρ X , σ X ) for any ρ and σ in T + (H XY ) [4, 5, 19] .
We will use the following simple Lemma 2. Let Φ be a quantum operation from A to B and H Φ the minimal subspace of H B containing the supports of all the operators Φ(ρ), ρ ∈ S(H A ). Then H Φ coincides with the support of Φ(σ) for any nondegenerate state σ in S(H A ). 7 Proof. Let σ = i µ i |i i| be the spectral representation of σ such that µ i+1 ≤ µ i for all i. Suppose, suppΦ(σ) = H Φ . Then there is a state ρ in S(H A ) such that suppΦ(σ) is not contained in suppΦ(ρ). Consider the sequence of states ρ n = [P n ρ] −1 P n ρP n , where P n = n i=1 |i i|.
Since this sequence converges to the state ρ, there exists n 0 such that suppΦ(σ) is not contained in suppΦ(ρ n 0 ). On the other hand, ρ n 0 ≤ P n 0 ≤ µ −1 n 0 σ and hence Φ(ρ n 0 ) ≤ µ −1 n 0 Φ(σ). This implies that suppΦ(ρ n 0 ) ⊆ suppΦ(σ) contradicting to the choice of n 0 . 7 The support supp̺ of a positive trace class operator ̺ is the closed subspace spanned by its eigenvectors corresponding to nonzero eigenvalues.
The main result
Let Φ and Ψ be arbitrary quantum operations from A to B having common Stinespring representation
Such common representation can be obtained from the individual Stinespring representations for Φ and Ψ by using isometrical embedding of the environment space with smaller dimension into the another environment space. Our main result is following theorem containing a generalization of relation (3) to the case of infinite-dimensional energy constrained quantum channels and operations. Theorem 1. Let H A be an unbounded densely defined positive operator on a Hilbert space H A having discrete spectrum {E k } k≥0 of finite multiplicity, E > E 0 , β E the energy-constrained Bures distance defined in (19) and · E the operator E-norm defined in (17) .
Let Φ and Ψ be quantum operations having common Stinespring representation (20) with infinite-dimensional environment space H E . Then
where W Ψ is the set of all partial isometries in
Proof. Let σ be a given nondegenerate state in S(H A ) and {p n } a sequence in (0, 1) tending to zero as n → ∞. For each n ∈ N consider the function on the space B(H A , H BE ) of all bounded linear operators from H A to H BE defined as
where Θ n (ρ) = (1 − p n )ρ + p n σ and C H A ,E is the set of states ρ in S(H A ) such that TrH A ρ ≤ E . Then [ X n E ] 2 = (1 − p n ) X 2 E + p n TrXσX * and hence
For each n ∈ N consider the quantity
where R is an infinite-dimensional quantum system, β(·, ·) in the r.h.s. is the Bures distance between operators in T + (H BR ) defined in (11) , and S E is the set of all pure states in H AR such that ω A = Θ n (ρ) for some state ρ in C H A ,E . By using the well known relation between different purifications of a given state it is easy to show that the sumpemum in (23) can be taken over the set {ω Θn(ρ) | ρ ∈ C H A ,E }, where ω Θn(ρ) is a given arbitrarily chosen purification of Θ n (ρ) in S(H AR ).
Since the Bures distance is a metric on T + (H BR ), for arbitrary states ω andω in S(H AR ) we have
where the last inequality follows from the right inequality in (12) and monotonicity of the trace norm under action of a quantum operation.
Since ρ − Θ n (ρ) 1 ≤ 2p n for any state ρ in C H A ,E , for any purification ω ρ of a state ρ there is a purification ω Θn(ρ) of the state Θ n (ρ) such that ω ρ − ω Θn(ρ) 1 ≤ √ 2p n and vice versa. Hence, by Remark 1, estimate (24) implies that
Assume first that
It is easy to see that
where f n (ρ, U) = TrΦ(Θ n (ρ)) + TrΨ(Θ n (ρ)) − 2ℜTrV * Φ [I B ⊗ U]V Ψ Θ n (ρ). We will show that for each n the infimum in the r.h.s. of (27) can be taken over the unit ball B 1 (H E ) of B(H E ).
The unit ball B 1 (H E ) is a convex subset of B(H E ) compact in the weak operator topology [2] , while C H A ,E is a convex subset of S(H A ) compact in the trace norm topology by the Lemma in [6] . So, since the functions U → f n (ρ, U) and ρ → f n (ρ, U) are affine and continuous on B 1 (H E ) and C H A ,E correspondingly, Ky Fan's minimax theorem [16] implies that
Let Ψ(̺) = Tr B V Ψ ̺V * Ψ be a quantum operation complementary to the operation Ψ and P Ψ the projector onto the minimal subspace of H E containing the supports of all the states Ψ(̺), ̺ ∈ S(H A ).
Let U 0 be an operator in B 1 (H E ) at which the minimum in the l.h.s. of (28) is attained and ρ 0 a state in C H A ,E at which the maximum in the r.h.s. of (28) is attained. We may assume that U 0 = U 0 P Ψ , since it is easy to see that f n (ρ, U) = f n (ρ, UP Ψ ) for any U and ρ. Then (ρ 0 , U 0 ) is a saddle point of the function f n [16] , i.e.
We will show that the last inequality in (29) implies that C 0 ∈ W Ψ . 8 This will imply coincidence of the r.h.s. of (27) and the l.h.s. of (28). For any ρ in C H A ,E we have
Let R be an infinite-dimensional system and ρ a state in C H A ,E . It is easy to see that
where ϕ ρ n is any purification of the state Θ n (ρ), i.e. a vector in H AR such that Tr R |ϕ ρ n ϕ ρ n | = Θ n (ρ). Since ker Θ n (ρ) = {0} we may take the vector ϕ ρ n in such a way that ker Tr A |ϕ ρ n ϕ ρ n | = {0}. Hence ker Φ ⊗ Id R (|ϕ ρ n ϕ ρ n |) = {0} by assumption (26). Thus, since the vectors V Φ ⊗ I R |ϕ ρ n and V Ψ ⊗ I R |ϕ ρ n in H BER are purifications of the operators Φ ⊗ Id R (|ϕ ρ n ϕ ρ n |) and Ψ ⊗ Id R (|ϕ ρ n ϕ ρ n |), Lemma 1 in Section 2 shows that the r.h.s. of (30) is equal to F (Φ ⊗ Id R (|ϕ ρ n ϕ ρ n |), Ψ ⊗ Id R (|ϕ ρ n ϕ ρ n |)) and that the maximum in (30) can be attained only at an operator U ρ such that
This condition means that U * ρ U ρ Ψ(Θ n (ρ)) = Ψ(Θ n (ρ)). Since ker Θ n (ρ) = {0}, Lemma 2 implies that the operatorŪ ρ = U ρ P Ψ is a partial isometry such thatŪ * ρŪ ρ = P Ψ . By this observation with ρ = ρ 0 the right inequality in (29) implies that U 0 = U 0 P Ψ ∈ W Ψ .
Thus, we have proved that
for each n, where ϕ ρ n is a particular purification of Θ n (ρ) and the last equality follows from definition (23) and the remark after it.
It follows from relation (25) that β n E (Φ, Ψ) tends to β E (Φ, Ψ) as n → +∞. Since
These limit relations and (31) implies (21) provided that the quantum operation Φ satisfies condition (26).
Assume now that Φ is an arbitrary quantum operation. Consider the sequence of quantum operations Φ n (ρ) = (1 − p n )Φ(ρ) + p n [Trρ]σ, from A to B, where σ is a given nondegenerate state in H B and {p n } a sequence of numbers in (0, 1) tending to zero as n → ∞. It is easy to see that all the operations Φ n satisfy condition (26). The sequence {Φ n } strongly converges to the operation Φ and hence β E (Φ n , Φ) tends to zero as n → +∞ [13, 15] . Since the space H E is infinite-dimensional, Theorem 2 in [14] implies existence of a sequence of operators V Φn : H A → H BE such that Φ n (ρ) = Tr E V Φn ρV * Φn and V Φn − V Φ E ≤ 2β E (Φ n , Φ) + 1/n ∀n.
By the above part of the proof we have
Since β E (Φ n , Ψ) tends to β E (Φ, Ψ) as n → +∞ and
for any U ∈ W Ψ , by passing to the limit n → +∞ in (32) we obtain (21). Since any Stinespring operator of a quantum operation Ψ with the same environment space H E has the form [I B ⊗ U]V Ψ for some U ∈ W Ψ [5, Ch.6], relation (21) means that the energy-constrained Bures distance between quantum operations Φ and Ψ is equal to the operator E -norm distance from any given Stinespring operator V Φ of Φ to the set of all Stinespring operators of Ψ with the same environment.
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